We construct the Dirac-Born-Infeld action in the context of N = 1 conformal supergravity and its possible extensions including matter couplings. We especially focus on the Volkov-Akulov constraint, which is important to avoid ghost modes from the higher derivative terms. In the case with matter couplings, we find the modified D-term potential.
Introduction
The Dirac-Born-Infeld (DBI) action [1, 2] was constructed as a generalization of the Maxwell action including higher derivative correction, in a way that no ghost modes appear. The DBI action is also considered as the action which describes the dynamics of Dbranes in superstring theory [3, 4, 5] . From a phenomenological and theoretical viewpoint, it is interesting to construct the supersymmetric (SUSY) version of the DBI action. Such a generalization has been studied in global SUSY [6, 7, 8] and in supergravity (SUGRA) [6, 9, 10, 11] .
The DBI action has a scale which will be related to a fundamental scale, such as the Planck scale or the string scale. If that scale is close to the Planck scale, we cannot neglect the gravitational effects and have to embed it into SUGRA. There are several works along this direction. The authors of Ref. [6] suggest a way to the SUGRA extensions of the DBI action. In Ref. [9] , the action in Ref. [7] is extended to SUGRA, and its component action is also studied by the same authors [10] . However, the matter coupled DBI action in SUGRA has been less studied. For example, in Ref. [10] , it is discussed for a special case. We will clarify how matter multiplets can couple to the DBI sector in more general cases.
In this work, we will work in the superconformal formulation of 4-dimensional N = 1 SUGRA [12, 13] , which has the larger symmetry than the Poincaré SUSY. This formulation is useful thanks to the larger symmetry, especially to construct the matter coupled SUGRA. In N = 1 global SUSY, the authors of Ref. [7] found that the SUSY DBI action can be constructed from two chiral multiplets related to each other by a certain condition. We propose the corresponding condition in conformal SUGRA, and use it as a guiding principle to construct the matter coupled DBI action. We will also emphasize that the condition implies the Volkov-Akulov constraint [14, 15] , which is important to avoid ghost modes from higher derivative terms.
The remaining parts of this paper are organized as follows. In Sec. 2, we briefly review the construction of the DBI action in global SUSY case, and show how the Volkov-Akulov constraint works. Sec. 3 is devoted to embed the DBI action into conformal SUGRA. We first generalize the condition in global SUSY to the one in conformal SUGRA, and construct the DBI action minimally coupled to gravity. In Sec. 4, we discuss the matter coupled version of the DBI action and find the modified D-term potential including all the higher order corrections, which has not been known so far. We will give comments on the relation between our results and the action derived in Refs. [6, 9, 10] in Sec. 5. We also discuss the relation between our model and the DBI action in superstring theory. Finally, we give a summary and discuss the possible extensions in Sec. 6.
Dirac-Born-Infeld action in global supersymmetry
We briefly review the construction of SUSY DBI action proposed by J. Bagger and A. Galperin [7] . Let us consider two N = 1 chiral superfields X and W α , where α denotes the spinor index,
2 D α V and V is an abelian gauge vector superfield in N = 1 SUSY and D α andDα are an N = 1 SUSY covariant derivative and its complex conjugate respectively. To construct the SUSY DBI action, we impose the following condition 1 on X and W α ,
whereX is the complex conjugate of X. One can solve Eq. (1) algebraically, and obtain
where
By using X = X(W,W), we can describe the supersymmetric DBI action as,
The bosonic part of the action (5) is We can also express the action (5) with Lagrange multiplier multiplets as follows,
where Λ and M are Lagrange multiplier chiral multiplets. Note that X in Eq. (7) is an unconstrained chiral multiplet. The equations of motion of Λ and M give the constraint (1) and X 2 = 0 respectively. The latter condition X 2 = 0 becomes trivial after solving the constraint (1), therefore the term M X 2 in Eq. (7) does not change the resultant action after solving the first condition (1) and we obtain the action (5). However, the last term in Eq. (7) is useful to represent the underlying Volkov-Akulov constraint on X.
Before embedding the DBI action into conformal SUGRA, we mention why the Volkov-Akulov constraint is important. By using the superspace iden-
The first term in Eq. (8) corresponds to the Kähler potential K = −(Λ +Λ)|X| 2 , which gives kinetic terms of the scalar components of Λ and X. The kinetic coefficients are given by the Kähler metric K IJ = ∂ I ∂J K, and in this case, the determinant of the Kähler metric becomes −|X| 2 whereX is the scalar component of X. This negative definite determinant means that there is at least one ghost mode among the scalar components of Λ and X. However, due to the Volkov-Akulov constraint X 2 = 0,X is equivalent to a fermion bilinear ∼ ψ X ψ X /F X . Therefore, the bosonic part of the determinant vanishes, and then the scalar ghost mode disappears. Therefore, the underlying Volkov-Akulov constraint X 2 = 0 is important for avoiding ghost modes.
Indeed, the DBI action does not contain any bosonic ghosts, and so we consider the generalization of the DBI action in which the Volkov-Akulov constraint is satisfied.
3 Dirac-Born-Infeld action in 4D N = 1 conformal supergravity
In this section, we generalize the SUSY DBI action discussed in Sec. 2 to the one in N = 1 conformal SUGRA. 2 The generalization is useful for construction of the matter coupled DBI action, which will be discussed in Sec. 4 .
In conformal SUGRA, supermultiplets are characterized by the weights (w, n) for the dilatation and the U(1) A symmetry 3 called the Weyl and the chiral weights respectively. For example, gauge vector multiplets should have (w, n) = (0, 0). For chiral multiplets, their weights should satisfy the condition w = n, but the value of w(= n) can be arbitrary. The weights of field strength superfields are determined as (w, n) = (3/2, 3/2).
Let us generalize the condition (1) to the one in conformal SUGRA. We assume that the weights of X and X are (w, w) and (w, −w) respectively. The first term on the right hand side of Eq. (1) has (w, n) = (3, 3). All of the terms in Eq. (1) are chiral multiplets, and therefore the term XD 2X should be replaced with XΣ(X), where Σ is the chiral projection operator in conformal SUGRA. However, the chiral projection can be applied to the multiplets satisfying w − n = 2, then the Weyl weight of X is determined as w = 1. Therefore, the term XΣ(X) has the weights (w, n) = (3, 3) which is the same with those of W 2 , because the chiral projection operator has the weights (w, n) = (1, 3). On the other hand, the term on the left hand side of Eq. (1) has (w, n) = (1, 1), which conflicts with the ones of the right hand side. This implies that we have to impose the so-called chiral compensator multiplet S 0 with (w, n) = (1, 1). 4 By introducing S 0 , we can write the naive extension of Eq. (1) as follows,
where a is a complex constant, but it can be real by field redefinitions without loss of generality, so that we take it as a real parameter. For simplicity of the following discussions, we replace X with S 0 X, then the weights of X are (w, n) = (0, 0) and we can rewrite Eq. (9) as
Formally Eq. (10) can be rewritten as
As in the global SUSY case, X is proportional to W 2 , and that implies X 2 = 0 even in conformal SUGRA. Therefore, the following action can be considered as the conformal SUGRA generalization of SUSY DBI action (7),
where [· · · ] F,D denotes the F-and D-term density formulae for chiral multiplets with (w, n) = (3, 3) and for real multiplets with (w, n) = (2, 0) respectively, b, c are real constants, and we have chosen the weights of Λ and M as (w, n) = (0, 0). We multiplied the second term in Eq. (12) by 2 to simplify the following analysis. We added the last term in order to obtain the Einstein-Hilbert term. We use the action (12) instead of directly solving (10). In the following discussion, we only focus on the bosonic part of the action (12) . First, we use the equation of motion of M , which leads X 2 = 0. Then, the scalar componentX can be written by its fermionic partner ψ X and F-term F X asX ∼ (ψ X ψ X )/F X as in the case of global SUSY. This feature incredibly reduces the bosonic part of Eq.(12) because we can ignore the terms containingX.
We apply the following theorem shown in Ref. [16] ,
, and obtain the bosonic part of the action (12) as
where we represent the scalar component of each supermultiplet by the same letter as the supermultiplet itself, D is the D-term of the vector multiplet, µ, ν denote the curved spacetime indices, andF
, b µ and A µ are the gauge fields for dilatation and U(1) A symmetry respectively, F S0 denotes the F-term of S 0 . Note that c should be positive to obtain the correct kinetic term of the graviton.
To obtain the action in Einstein frame, we set the following superconformal gauge fixing conditions [13, 17] ,
where the first condition is for the dilatation and U(1) A symmetry and the second one for the special conformal symmetry, and we use the Planck unit convention M pl (= 2.4 × 10 18 GeV) = 1. For simplicity, we assume c = 3/2 in the following, then S 0 =S 0 = 1.
After the superconformal gauge fixings, the action (13) becomes
We can easily eliminate A µ , F-, and D-terms from Eq. (15), and obtain the following on-shell action,
where λ ≡ ReΛ and χ ≡ ImΛ. Finally, we obtain the following conditions from variations of the auxiliary fields λ and χ,
By substituting the conditions (17) and (18) to the action (16), we derive the final form of the action,
Assuming a = 1/4 and b = −1/4, this action (19) is the supergravity extension of the DBI action (6), which contains not only the DBI term but also the kinetic term of the graviton. We can also derive the ferminonic part of the SUGRA DBI action in the same way. 
Modification of supergravity Dirac-Born-Infeld action
In this section, we discuss the possible modifications of the SUGRA DBI action (19) , which respects the Volkov-Akulov constraint X 2 = 0. In Sec. 3, we have discussed the case in which there are only the gravity and the vector multiplet. Here, let us consider a case that there are matter chiral multiplets that couple to the vector multiplet.
In Sec. 3, we have derived the condition (10) as a superconformal version of Eq. (1). We can generalize the condition (10) preserving the Volkov-Akulov constraint X 2 = 0 as
where ω(Φ I ,ΦJ ) is an arbitrary real function of matter multiplets Φ I andΦJ . Instead of solving Eq. (20), let us consider the following action,
where Ω(Φ I ,ΦJ ) is a real function of matters, which is related to the physical Kähler potential K through K = −3 log(−Ω/3), and f (Φ I ) and W (Φ I ) denote arbitrary holomorphic functions of Φ I . Comparing the action (12) and (21), we find that the generalizations correspond to the following replacement of the parameters in Eq. (12),
The bosonic part of Eq. (21) is obtained as follows.
where Ω I = ∂Ω/∂Φ I , k I is a Killing vector for U(1) isometry on the manifold spanned by Φ I , and L ordinary is the parts of matter action which takes an ordinary form of the SUGRA action (see Eq. (26)). To obtain the Einstein frame action, we put the following superconformal gauge fixing conditions [17] ,
We also integrate out the auxiliary fields, such as F-and D-terms, and then obtain the following on-shell action,
where we have used the relation Ω = −3e −K/3 , K I = ∂ I K, λ = ReΛ, and χ = ImΛ. L on-shell ordinary is obtained as follows,
is the gauge field for the U(1) symmetry, and
Finally, we have to eliminate the Lagrange multipliers λ and χ. We summarize the detailed calculations for solving the equations of motion of λ and χ in Appendix. B. By using the results, we obtain the following action,
The action (27) is the generalized DBI action including matter couplings. For simplicity, we assume k I = 0, then the action (27) can be expanded with respect to ω as
where ellipsis denotes terms irrelevant to the DBI action. The first line of Eq. (29) represents an ordinary vector action with a gauge kinetic function f (Φ I ) in N = 1 SUGRA. Thus, the choice of ω only affects the higher order corrections.
Let us discuss the D-term potential in our case. By setting F µν = 0, the first and the second lines of Eq. (27) lead to the potential,
We can expand V D in terms of ω, and obtain
This is the usual D-term potential in SUGRA. The Dterm potential (30) includes all of the higher order corrections induced by the higher derivative terms of the vector multiplet. This modified D-term potential may be interesting from the viewpoint of the D-term inflation models in SUGRA, and we will discuss it in the subsequent work [18] .
5 Some comments
Relation between our results and other works
In this subsection, we clarify our results and the ones in Refs. [6, 9, 10] .
The authors of Ref. [6] showed the DBI action which is not coupled to matters through the supergravitational effects, equivalently, the action should take the following form,
As you can easily find, this action can be reproduced by choosing k I = 0, ω = e 2K/3 /4 and f = −1/4 in the action (27). We clarify the reason why the gravitational couplings between the vector multiplet and matters disappear with the choice ω = e 2K/3 /4. Let us return to the constraint (20) . Remembering the relation Ω = −3e −K/3 , the constraint (20) with ω = e 2K/3 /4 becomes
where we have used an identity S 0 XΣ(· · · ) = Σ(S 0 X · · · ). With the redefinition of S 3 0 X →X, we can rewrite the constraint (33) as
The combination |S 0 | 2 Ω becomes constant after superconfomal gauge fixings with Eq. (24), and therefore, the resulting DBI action does not involve the matter couplings through the gravitational effects. This type of ω corresponds to the coupling referred to as the Kähler covariant coupling in Ref. [6] .
The procedure in Refs. [9, 10] can be can be regarded as follows. First, they solved the constraint (38), and obtain the DBI action with a real linear compensator, which corresponds to the DBI action in the new minimal SUGRA. Then, they introduced the matter couplings which possess the non-linear self duality of the DBI sector. The matter coupling extension can be regarded as the special choice ofω in Eq. (40). They also added the usual matters to the matter coupled DBI action in the new minimal SUGRA, and they derived the old minimal version of it by using the linear-chiral duality. As a result, the action becomes a special case of our model (27). In fact, with K = K(Φ i ,Φj)−log(i(Φ−Φ)/2), ω = −κ(ImΦ)e −2K/3 , f = iΦ/4, and Φ = a − ie −ϕ , we can reproduce the action in Eq (4.27) in Ref. [10] .
String theoretical aspects
In this section, we discuss the relation between the DBI action derived in this work and the D-brane action in superstring theory.
The D3-brane action is given by
where σ µ denotes the world volume coordinate,ĝ µν is the induced metric on the world volume of the D3-brane, and B µν is an antisymmetric tensor called the B-field. The induced metric is expressed
) is the 10 dimensional metric, and X M (σ) is a world volume scalar field.
Comparing Eq. (35) with Eq. (19), we find that the action in Eq. (19) may be understood as the 4D effective D3 brane action in the static gauge ∂ µ X M = δ M µ , which leads to g µν =ĝ µν , under the assumption that the moduli and B-fields are fixed to 0.
We also considered the case that matter multiplets are directly coupled to the DBI action. Such a situation occurs when the U(1) gauge symmetry is anomalous. In string theory, such an anomaly must be cancelled by the so-called Green-Schwarz (GS) mechanism [19, 20] . If the GS mechanism works, it is known that the gauge kinetic function of the corresponding vector multiplet includes the GS multiplet, which is charged under the vector multiplet and appears in the D-term potential. Our result (30) is consistent with this observation since the leading term (31) agrees with the known results.
Summary and discussions
In this work, we have constructed the generalized DBI action based on the condition derived in Ref. [7] . We respect the Volkov-Akulov constraint X 2 = 0 to avoid the higher derivative ghosts.
In Sec. 3, we have discussed the superconformal extension of Eq. (1), and derived a SUGRA version of DBI action minimally coupled to gravity. In the case with matter couplings discussed in Sec. 4, we have generalized the condition (10) to (20) , which also preserves the Volkov-Akulov constraint X 2 = 0. The resultant action becomes a non-trivial form given in Eq. (27). We have shown that the action (27) becomes the ordinary vector multiplet action at the leading order. We have derived the D-term potential, which has nontrivial higher order couplings in matter fields. It is interesting to investigate how the corrections affect high energy physics, such as inflation. We will discuss this issue in the subsequent work [18] .
We have also discussed the relation between the generalized DBI action and the D-brane action in superstring theory. We have interpreted our action (27) as the D3-brane action in the static gauge and in the absence of the moduli and the B-fields. We do have to know all the couplings including these fields. To investigate such couplings, it is important to extend our construction to one in higher dimensional SUGRA. In Refs. [7, 8] , the authors obtained the condition (1) from the partial breaking of 4D N = 2 SUSY to N = 1. Therefore, we expect that it is possible to construct the DBI action for Dp-branes from the partial breaking of higher dimensional SUGRA. That will be also our future investigation.
Finally, let us comment on the relation between our construction and partial N = 2 SUSY breaking discussed in Refs. [7, 8] . The authors of Refs. [7, 8] discussed the global SUSY case. In such a case, there is a Goldstino multiplet for the broken SUSY. In SUGRA, it is expected that the Goldstino multiplet is absorbed and forms an N = 1 massive spin 3/2 multiplet combined with a part of the N = 2 gravitational multiplet. If we consider our action as the low-energy effective action for partial SUSY breaking, such a massive multiplet is already integrated out. Thus, in the case that our Maxwell multiplet W α is the Goldstino multiplet just like in Ref. [7] , it should be unphysical and is subject to the constraint (10) whose form is determined by the N = 2 SUSY algebra. On the other hand, in the case that it is a physical massless multiplet, it is no longer the Goldstino multiplet so that the constraint it satisfies can be released from (10) and take more general form (20) . In both cases, the Volkov-Akulov constraint should be satisfied in order to avoid ghost modes.
where λ = ReΛ, χ = ImΛ, p = Ref (Φ), and q = Imf (Φ).
By varying λ and χ in Eq. (42), we obtain the following equations, 
λ has two solutions with opposite signs, however, by requiring that the action vanishes when k I = F µν = 0, the field value is uniquely determined as the one with a positive sign. Using the solutions (46) and (47), we can obtain the final result (27) after some calculations.
